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19 ASYMPTOTIC ESTIMATES FOR UNIMODULAR MULTILINEARFORMS ON SEQUENCE SPACES WITH SMALL NORMS
N. ALBUQUERQUE AND L. REZENDE
Abstract. The existence of unimodular forms on sequence spaces with small
norms is crucial in a variety of problems in modern analysis. As a conse-
quence of our results, we prove that the optimal solution f(n1, . . . , nd) for the
asymptotic estimate
0 < Bd ≤ inf
‖A‖
f(n1, . . . , nd)
≤ Cd <∞,
where the infimum is taken over all unimodular d-linear (complex or real)
forms A on ℓn1p1 × · · · × ℓ
nd
pd for all positive integers n1, . . . , nd ≥ 1 and
p1, . . . , pd ≥ 2, is precisely
f(n1, . . . , nd) =
(
n
1/2
1
+ · · ·+ n
1/2
d
) d∏
j=1
n
1
2
−
1
pj
j .
In order to obtain this, we provide a Kahane–Salem–Zygmund’s inequality
for multilinear forms with the supremum norm improved when some pk lies
between 1 and 2. Applications involving the multilinear Hardy–Littlewood
inequality are also presented.
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2 ALBUQUERQUE AND REZENDE
1. Introduction
Asymptotic behavior of unimodular forms (i.e. multilinear forms with coef-
ficients with modulo 1) has application, for example, to a combinatorial game
often called unbalancing lights problem or Gale-Berlekamp switching game [3]. In
order to investigate asymptotic estimates, the Kahane–Salem–Zygmund multilin-
ear inequality plays a fundamental role. The original purpose of this inequal-
ity is to provide a unimodular form on (ℓnp )
d with relatively small supremum
norm but relatively large majorant function [12]. Nowadays this result is a for-
midable tool in modern analysis with a broad range of applications (see, e.g.,
[1, 2, 4, 7, 13, 14, 15, 16, 18, 19]).
For p1, . . . , pd ≥ 2, the Kahane–Salem–Zygmund inequality asserts that there
exists a d-linear form A : ℓnp1 × · · · × ℓnpd → K of the form
A
(
x1, . . . , xd
)
=
n∑
j1,...,jd=1
εjx
1
i1 · · ·xdid ,
with εj ∈ {−1, 1} such that
‖A‖ ≤ Cd · n
d+1
2 −
∑d
j=1
1
pj .
On the other hand, it is possible to verify that there is a constant Bd > 0 such
that
‖A‖ ≥ Bd · n
d+1
2 −
∑d
j=1
1
pj
for all unimodular d-linear forms A : ℓnp1 × · · · × ℓnpd → K with p1, . . . , pd ≥ 2. So
we conclude that the exponent is sharp and we can summarize this sharpness by
writing
(1.1) 0 < Bd ≤ inf ‖A‖
n
d+1
2 −
∑
d
j=1
1
pj
≤ Cd <∞,
where p1, . . . , pd ≥ 2 and the infimum is calculated over all unimodular d-linear
forms A : ℓnp1 × · · · × ℓnpd → K. From (1.1) it is obvious that
0 < Bd ≤ inf ‖A‖
ns
≤ Cd <∞
if, and only if, s = d+12 −
∑d
j=1
1
pj
.
Problem 1.1. What about the asymptotic behavior of the unimodular forms A :
ℓn1p1 × · · · × ℓndpd → K with small norms?
The main goal of this paper to to present a solution to this problem. The
following simple lemmata shows that the answer to Problem 1.1 is not so immediate.
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Lemma 1.2. If there are s1, . . . , sd > 0 such that there exist Cd, Bd ∈ (0,∞) such
that
Bd ≤ inf ‖A‖
ns11 · · ·nsdd
≤ Cd
for all n1, . . . , nd ≥ 1, where the infimum is estimated over all unimodular d-linear
forms A : ℓn1p1 × · · · × ℓndpd → K, then s1, . . . , sd are unique.
Proof. To prove that s1 is unique it suffices to consider n2 = · · · = nd = 1 and so
on. 
Lemma 1.3. There are no s1, . . . , sd > 0 such that there exist Cd, Bd ∈ (0,∞)
such that
Bd ≤ inf ‖A‖
ns11 · · ·nsdd
≤ Cd
for all n1, . . . , nd ≥ 1, where the infimum is estimated over all unimodular d-linear
forms A : ℓn1p1 × · · · × ℓndpd → K.
Proof. Considering n2 = · · · = nm = 1 we conclude that s1 ≥ 1− 1p1 . In fact, every
unimodular form is of the type
A(x1, . . . , xd) =
 n1∑
j=1
±x1j
 x21 · · ·xd1
and
‖A‖ = n1−
1
p1
1 .
By the previous lemma this shows that s1 = 1− 1p1 . Analogously,
s2 = 1− 1
p2
, . . . , sd = 1− 1
pd
.
Now, considering n1 = · · · = nd = n, we would have
Bd ≤ inf ‖A‖
n
d−
∑
d
j=1
1
pj
≤ Cd
and this contradicts what we have proved before the lemma. 
The natural answer to Problem 1.1 is to find a function f(n1, . . . , nd) so that
there exist Cd, Bd ∈ (0,∞) such that
Bd ≤ inf ‖A‖
f(n1, . . . , nd)
≤ Cd
for all n1, . . . , nd ≥ 1, where the infimum is estimated over all unimodular d-linear
forms A : ℓn1p1 × · · · × ℓndpd → K. This function f describes the asymptotic growth
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of such multilinear forms A with small norms. We shall show that (see Theorem
3.1), for p1, . . . , pd ≥ 2, f can be chosen as(
n
1/2
1 + · · ·+ n1/2d
) d∏
j=1
n
1
2−
1
pj
j .
In order to do this, we prove a version of the Kahane–Salem–Zygmund multilin-
ear inequality on the space ℓn1p1 × · · ·× ℓndpd and with sup norm refined when dealing
with some pk between 1 and 2 (see Theorem 2.4). Also applications concerning
Hardy–Littlewood’s inequality are provided.
This paper is organized as follows: in Section 2, we revisit Kahane–Salem–
Zygmund’s multilinear inequality. The original proof of the inequality (see [12] and
[1, Lemma 3.1]) is adapted and, by employing interpolation and duality relations,
the norm estimate is refined when dealing with p ∈ [1, 2]. In Section 3, we prove
that the Kahane–Salem–Zygmun’s inequality we obtained (Theorem 2.4) is sharp
when p1, . . . , pd ∈ [2,∞]. In Section 4, applications are presented: the number
of exponents involved and the degree of multilinearity are closely related (Subsec-
tion 4.1); and we analyze the blow-up rate for non-admissible Hardy–Littlewood
exponents, as dimension goes to infinity (Subsection 4.2). Finally, in Section 5
we comment that the constants provided are not efficient to estimate the optimal
constants of the Bohnenblust–Hille and Hardy–Littlewood inequalities.
Recall that ℓnp stands for the n-dimensional scalar fields K
n of real or complex
numbers with the ℓp-norm, p ∈ [1,+∞]. As usual, the open ball with center
x and radius r is denoted by B(x, r), its closure by B(x, r) and the center and
radius are omitted when we deal with the open and closed unit balls. For the
sake of clarity we fix some useful notation: for p1, . . . , pd ∈ (0,+∞), we define
p := (p1, . . . , pd),
∣∣∣ 1p ∣∣∣ := 1p1 + · · ·+ 1pd . The cardinal of a set I is denoted by cardI.
Throughout this, Xp stands for ℓp if 1 ≤ p < ∞ and X∞ := c0. Also we use the
usual multi-index notation j := (j1, . . . , jd) ∈ Nd and q′ denotes the conjugate of
q ∈ [1,+∞], i.e., 1q + 1q′ = 1.
2. Kahane–Salem–Zygmund’s inequality revisited
The so-called classical Kahane–Salem–Zygmund multilinear inequality provides
a unimodular multilinear form mapping ℓnp × · · · × ℓnp into K (see [12]). This
result is nowadays a fundamental tool in modern analysis with a broad range
of applications involving, for instance, the Bohr radius, Bohnenblust–Hille’s and
Hardy–Littlewood’s multilinear inequalities (see, e.g., [1, 4, 7, 9, 10, 13, 14, 15, 16,
17, 18, 19]).
A variant version of the classical inequality with several p appears in [1]. Adapt-
ing the argument from [12], and by duality and interpolation reasoning, we are able
to improve these previous versions.
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The main result we prove in this section is Theorem 2.4, a version of the mul-
tilinear Kahane–Salem–Zygmund inequality on the space ℓn1p1 × · · · × ℓndpd and with
sup norm refined when dealing with some pk between 1 and 2. Two basic tools
providing estimates are needed: an useful upper bound for the probability of a
non-negative function to be greater than or equal to some positive constant (see [6,
Lemma 20.1]); and a covering argument (see [12, p. 333]). The techniques follow
the line from [12], we present the sketch of the proof for the sake of completeness.
Lemma 2.1 (Chebyshev–Markov’s Inequallity). Let (Ω,Σ, µ) be a measure space,
f be measurable function on Ω, and g : R → R be a nonnegative function such
that it is nondecreasing on the range of f and g(t) > 0, if t > 0. Then, for every
positive real number α,
µ ([f ≥ α]) ≤ 1
g(α)
∫
Ω
g ◦ f dµ.
In particular,
µ ([|f | ≥ α]) ≤ 1
αp
∫
Ω
|f |p dµ
holds for every real p > 0.
Lemma 2.2 (Covering argument). Let r be a positive real number. Then the open
unit ball B of ℓnp can be covered by a collection of open ℓ
n
p -balls of radius r, with
the number of balls in the collection not exceeding
(
1 + 2r−1
)2n
, and the centers of
the balls lying in the closed unit ball B of ℓnp .
The version of the Kahane–Salem–Zygmund inequality on ℓn1p1 × · · · × ℓndpd is
presented below.
Proposition 2.3. Let d, n1, . . . , nd ≥ 1 be positive integers and p1, . . . , pd ∈
[1,+∞]. Then there exist signs εj = ±1 and a d-linear map A : ℓn1p1 ×· · ·× ℓndpd → K
of the form
A
(
z1, . . . , zd
)
=
n1∑
j1=1
. . .
nd∑
jd=1
εjz
1
j1 · · · zdjd ,
such that
‖A‖ ≤ Cd ·
d∏
k=1
nk
max
(
1
2−
1
pk
,0
)
·
(
d∑
k=1
nk
) 1
2
,
with Cd = 8(d!)
1−max( 12 ,
1
p )
√
log(1 + 4d) and p := max(p1, . . . , pd).
Sketch of the proof. We present the steps of the proof. The argument consists on
a probabilistic estimate combined with the covering lemma.
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Step 1. The first goal is to make an upper estimate on the probability that the
operator sum has large modulus. Fixed a multilinear map like in the statement, it
can be written in the form
A (t, z) =
′∑
k
rk(t)∑
j∼k
zj
 ,
where the following notation was used: z = (z1, . . . , zd) ∈ Bn1p1 × · · · × B
nd
pd ; zj is
a shorthand for the monomial z1j1 · · · zdjd ; t lies in the interval I := [0, 1]; a prime
symbol “ ′” on a sum or product means that it is restricted to d-tuples of integers
that are arranged in non-decreasing order; j ∼ k indicates that the d-tuples j and
k are permutations of each other; and for each d-tuple of positive integers k :=
(k1, . . . , kd) in non-decreasing order, we choose a different Rademacher function rk.
Let λ be an arbitrary positive number (which value we will specify after in terms
of d, n1, . . . , nd and p). Invoking the independence and orthogonality properties of
of the Rademacher functions, Ho¨lder’s inequality and ℓq-norm inclusions,∫
I
eRe[λA(t,z)] dt ≤
′∏
k
e
1
2 (λ
∑
j∼k Re zj)
2
= e
1
2λ
2∑′
k(
∑
j∼k
Re zj)
2
.
≤ exp
[
1
2
λ2 (d!)
2(1− 1m(p)) · n12
(
1
2−
1
M(p1)
)
· · ·nd2
(
1
2−
1
M(pd)
)]
where p := max(p1, . . . , pd), m(t) := min(t, 2) and M(t) := max(t, 2), for a real
positive t.
Step 2. The second part of the proof uses Lemmas 2.1 and 2.2 and a simple
Lipschitz estimate for A (t, z). Let R be an arbitrary positive real number (which
value will be specified later in terms of d, n1, . . . , nd and p). Using the previous
upper bound and applying Lemma 2.1 with g(t) := et and
A := {t ∈ I : Re [A (t, z)] ≥ R} = {t ∈ I : λRe [A (t, z)] ≥ λR} ,
we gain
µ (A) ≤ exp
[
−Rλ+ 1
2
λ2 (d!)2(1−
1
m(p) ) · n12
(
1
2−
1
M(p1)
)
· · ·nd2
(
1
2−
1
M(pd)
)]
.
By symmetric reasoning, the probability that |A (t, z)| exceeds √2R is at most
4 · exp
[
−Rλ+ 1
2
λ2 (d!)
2(1− 1m(p) ) · n12
(
1
2−
1
M(p1)
)
· · ·nd2
(
1
2−
1
M(pd)
)]
.
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This is a probabilistic estimate for an arbitrary but fixed z. The covering Lemma
2.2 implies that sup
z∈B
n1
p1
×···×B
nd
pd
|A (t, z)| ≥ 2
√
2R
 ⊂ ⋃
w∈W
[
|A (t, w)| ≥
√
2R
]
.
Hence, applying the preceding probabilistic estimate to each point, we get that
the probability PS of the set
S :=
 sup
z∈B
n1
p1
×···×B
nd
pd
|A (t, z)| ≥ 2
√
2R

is at most
4 (1 + 4d)
2
∑d
k=1 nk · exp
[
−Rλ+ 1
2
λ2 (d!)
2(1− 1m(p) ) ·
d∏
k=1
nk
2
(
1
2−
1
M(pk)
)]
.
Now taking the following values for the parameters R and λ,
R :=
(
2 (d!)
2(1− 1m(p))
d∏
k=1
nk
2
(
1
2−
1
M(pk)
)
log
(
8 (1 + 4d)
2
∑d
k=1 nk
)) 12
,
λ :=
R
(d!)
2(1− 1m(p)) n1
2
(
1
2−
1
M(p1)
)
· · ·nd2
(
1
2−
1
M(pd)
) ,
we conclude that, with these choices, the probability PS that the supremum of
|A (t, ·)| over Bn1p1 × · · · ×B
nd
pd exceeds 2
√
2R is PS ≤ 1/2. Therefore, there exists a
particular value t0 such that the supremum of |A (t0, ·)| over Bn1p1 × · · · ×B
nd
pd is no
more than
2
√
2R ≤ 8
√
log (1 + 4d) (d!)(
1− 1
m(p) )
d∏
k=1
nk
(
1
2−
1
M(pk)
)( d∑
k=1
nk
) 1
2
.
The values of the Rademacher functions at the particular value t0 produce the
pattern of signs εj stated. 
Borrowing an argument from [7], the estimate of the norm is improved when
dealing with some pk between 1 and 2. We will fix the following notation for a
constant involved in the results of this section:
Cd := 8(d!)
1−max( 12 ,
1
p)
√
log(1 + 4d),
with p := max(p1, . . . , pd).
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Theorem 2.4. Let d, n1, . . . , nd ≥ 1 be positive integers and p1, . . . , pd ∈ [1,+∞].
Then there exist signs εj = ±1 and a d-linear map A : ℓn1p1 × · · · × ℓndpd → K of the
form
A
(
z1, . . . , zd
)
=
n1∑
j1=1
· · ·
nd∑
jd=1
εjz
1
j1 · · · zdjd ,
such that
‖A‖ ≤ (Cd)2(1−
1
γ ) ·
(
d∑
k=1
nk
)1− 1
γ
·
d∏
k=1
n
max
(
1
γ
− 1
pk
,0
)
k ,
with γ := min {2,max{pk : pk ≤ 2}}.
Proof. If pk ≥ 2, for all k = 1, · · · , d, the estimate above coincide with Proposition
2.3. For the sake of clarity, we shall assume that {k ∈ {1, · · · , d} : pk ≥ 2} =
{1, . . . ,m} and, for p > 0, define
β(p) :=
{
1− 1p , if p ≥ 2;
0, otherwise.
The general form of Kahane–Salem–Zygmund’s inequality guarantees the exis-
tence of an d-linear map A : ℓn1p1 × · · · × ℓnmpm × ℓ
nm+1
2 × · · · × ℓnd2 → K such that
‖A‖
L(ℓn1p1×···×ℓ
nm
pm×ℓ
nm+1
2 ×···×ℓ
nd
2 ;K)
≤ Cd ·
(
d∑
k=1
nk
) 1
2
·
m∏
k=1
n
1
2−
1
pk
k
= Cd ·
(
d∑
k=1
nk
) 1
2
·
d∏
k=1
n
max
(
1
2−
1
pk
,0
)
k .
The restriction of this map to ℓn1p1 ×· · ·× ℓnmpm × ℓ
nm+1
1 ×· · ·× ℓnd1 has norm no more
than
m∏
k=1
n
1/p′k
k =
d∏
k=1
n
β(pk)
k .
Since 1 ≤ γ ≤ 2 there exists θ ∈ (0, 1) such that 1γ = 1−θ1 + θ2 . Note that
θ = 2γ′ . Now write
1
pk
= 1−θpk +
θ
pk
for all k ∈ {1, · · · ,m}. By using Riesz-Thorin’s
intepolation theorem (see [11, p.18] or [7]),
‖A‖L(ℓn1p1×···×ℓnmpm×ℓnm+1γ ×···×ℓndγ ;K)
≤ ‖A‖1−θ
L(ℓn1p1×···×ℓ
nm
pm×ℓ
nm+1
1 ×···×ℓ
nd
1 ;K)
· ‖A‖θ
L(ℓn1p1×···×ℓ
nm
pm×ℓ
nm+1
2 ×···×ℓ
nd
2 ;K)
≤
d∏
k=1
n
(1−θ)β(pk)
k
Cd ·
(
d∑
k=1
nk
) 1
2
·
d∏
k=1
n
max
(
1
2−
1
pk
,0
)
k
θ
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= (Cd)
θ ·
(
d∑
k=1
nk
) θ
2
·
d∏
k=1
n
(1−θ)β(pk)+max
(
θ
γ
− θ
pk
,0
)
k
= (Cd)
2
γ′ ·
(
d∑
k=1
nk
) 1
γ′
·
d∏
k=1
n
max
(
1
γ
− 1
pk
,0
)
k .
For each k /∈ {1, · · · ,m} the unit ball of ℓnkpk lies in the unit ball of ℓnkγ , so
‖A‖L(ℓn1p1×···×ℓndpd ;K) ≤ ‖A‖L(ℓn1p1×···×ℓnmpm×ℓnm+1γ ×···×ℓndγ ;K)
≤ (Cd)
2
γ′ ·
(
d∑
k=1
nk
) 1
γ′
·
d∏
k=1
n
max
(
1
γ
− 1
pk
,0
)
k .

In order to clarify the result above, we illustrate the simpler case, when dealing
with n1 = · · · = nd = n.
Corollary 2.5. The norm of the d-linear form A in Theorem 2.4, with n1 = · · · =
nd = n, has the following estimate:
‖A‖ ≤ C · n1− 1γ+
∑d
k=1 max
(
1
γ
− 1
pk
,0
)
,
with C =
(
d · C2d
)1− 1
γ and γ := min {2,max{pk : pk ≤ 2}}.
The polynomial and vector valued version of the previous result read as follows.
Corollary 2.6. Let p ∈ [1,+∞], and integers n, d ≥ 1. Then there exist signs
εj = ±1 and a homogeneous polynomial P of degree d in the variable z ∈ ℓnp of the
form ∑
|α|=d
εj
(
d
α
)
zα
such that
‖P‖ ≤ (Cd)2(1−
1
γ ) · n1− 1γ+d·max( 12− 1p ,0),
with γ := min(p, 2).
Corollary 2.7. Let d, n1, . . . , nd+1 ≥ 1, s, p1, . . . , pd ∈ [1,+∞]. Then there exist
signs εj = ±1 and a d-linear map A : ℓn1p1 × · · · × ℓndpd → ℓ
nd+1
s of the form
A
(
z1, . . . , zd
)
=
n1∑
j1=1
. . .
nd∑
jd=1
nd+1∑
jd+1=1
εjz
1
j1 · · · zdjdejd+1 ,
such that
‖A‖ ≤ (Cd)2(1−
1
γ ) ·
(
d+1∑
k=1
nk
)1− 1
γ
·
d+1∏
k=1
n
max
(
1
γ
− 1
pk
,0
)
k ,
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with pd+1 := s
′ and γ := min {2,max{pk : pk ≤ 2}}.
In order to prove the last, one just need to use duality relations and the isometric
correspondence between (d+1)-linear forms ℓn1p1 ×· · ·×ℓndpd ×ℓ
nd+1
s′ → K and d-linear
maps ℓn1p1 × · · · × ℓndpd → ℓ
nd+1
s given byz 7→ n1∑
j1=1
. . .
nd∑
jd=1
nd+1∑
jd+1=1
a
id+1
i1,...,id
z1j1 · · · zdjdzd+1jd+1

7→
z 7→ n1∑
j1=1
. . .
nd∑
jd=1
nd+1∑
jd+1=1
a
id+1
i1,...,id
z1j1 · · · zdjdejd+1
 .
3. Optimality
The following result shows that the Kahane-Salem-Zygmund inequality that
obtained in Theorem 2.4 is sharp when p1, . . . , pd ∈ [2,∞].
Theorem 3.1. Let p1, . . . , pd ∈ [2,∞]. There exist Cd <∞ such that
1
d · 2 d−12
≤ inf ‖A‖(
n
1/2
1 + · · ·+ n1/2d
)∏d
j=1 n
1
2−
1
pj
j
≤ Cd,
for all unimodular m-linear forms A : ℓn1p1 × · · · × ℓndpd → K and the exponents
involved are sharp.
Proof. Littlewood’s (ℓ1, ℓ2)-inequalities tell us that
n1∑
i1=1
 n2,...,nd∑
i2,...,id=1
|T (ei1,...,eid)|2
1/2 ≤ (√2)d−1 ‖T ‖ ,
... n1,...,nd−1∑
i1,...,id−1=1
(
nd∑
id=1
|T (ei1,...,eid)|
)21/2 ≤ (√2)d−1 ‖T ‖ ,
for all T : ℓn1∞ × · · · × ℓnd∞ → K. Thus
n1n
1/2
2 ...n
1/2
d ≤
(√
2
)d−1
‖T ‖ ,
...
n
1/2
1 ...n
1/2
d−1nd ≤
(√
2
)d−1
‖T ‖ ,
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for all unimodular T : ℓn1∞ × · · · × ℓnd∞ → K. Thus
‖T ‖ ≥ 1
d
(√
2
)d−1 (n1/21 + · · ·+ n1/2d ) d∏
j=1
n
1
2
j
for all unimodular T : ℓn1∞ × · · · × ℓnd∞ → K. Now consider a unimodular S :
ℓn1p1 ×· · ·× ℓndpd → K. Let us denote by S∞ the same operator but now with domain
ℓn1∞ × · · · × ℓnd∞ . We have
‖S∞‖ ≥ 1
d
(√
2
)d−1 (n1/21 + · · ·+ n1/2d ) d∏
j=1
n
1
2
j
and hence there exist x(1), ..., x(d) with
∣∣∣x(k)j ∣∣∣ = 1 for all k, j such that
∣∣∣S∞ (x(1), ..., x(d))∣∣∣ ≥ 1
d
(√
2
)d−1 (n1/21 + · · ·+ n1/2d ) d∏
j=1
n
1
2
j .
Consider
y(k) =
1
n
1/pk
k
x(k)
for all k. Since each y(k) belongs to the closed unit ball of ℓnkpk we have
‖S‖ ≥
∣∣∣S (y(1), ..., y(d))∣∣∣
=
1
n
1/p1
1 · · ·n1/pdd
∣∣∣S (x(1), ..., x(d))∣∣∣
=
1
n
1/p1
1 · · ·n1/pdd
∣∣∣S∞ (x(1), ..., x(d))∣∣∣
≥ 1
n
1/p1
1 · · ·n1/pdd
1
d
(√
2
)d−1 (n1/21 + · · ·+ n1/2d ) d∏
j=1
n
1
2
j
=
1
d
(√
2
)d−1 (n1/21 + · · ·+ n1/2d ) d∏
j=1
n
1
2−
1
pj
j .
We thus conclude that
1
d
(√
2
)d−1 ≤ inf ‖A‖(
n
1/2
1 + · · ·+ n1/2d
) d∏
j=1
n
1
2−
1
pj
j
.
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By Theorem 2.4, for all p1, . . . , pd ∈ [2,∞], there is a constant Cd > 0 and a
multilinear form T0 : ℓ
n1
p1 × · · · × ℓndpd → K such that
‖T0‖ ≤ Cd
(
n
1/2
1 + · · ·+ n1/2d
) d∏
j=1
n
1
2−
1
pj
j .
We thus conclude that
1
d
(√
2
)d−1 ≤ inf ‖A‖(
n
1/2
1 + · · ·+ n1/2d
) d∏
j=1
n
1
2−
1
pj
j
≤ Cd.

Remark 3.2 (Case 1 ≤ p ≤ 2). The search for the optimal constants and exponents
involved are natural and relevant topics for further investigation in this framework.
The determination of the unknown optimal exponents for the case p ∈ (1, 2) of
Theorem 2.4 rely in an open result on the interpolation of certain multilinear forms:
it is well-known that every d-linear form on ℓnp×· · ·×ℓnp is multiple (r, 1)-summing,
with
r =
dp
d+ p− 1 , for p = 1 or p = 2.
What about intermediate results for p ∈ (1, 2)? If it was possible an interpolative
approach would tell us that every d-linear operators from ℓnp × · · · × ℓnp is multiple
(dp/(d+ p− 1), 1)-summing, and a simple computation as in the proof of Theorem
3.1 would tell us that the exponents in Theorem 2.4, with p1 = · · · = pd = p ∈ (1, 2)
and n1 = · · · = nd = n, would be in fact admissible exponents and give us the
estimate for asymptotic behavior pursued in Problem 1.1 (see also (1.1)):
s ≥ 1− 1
p
.
Even in the linear case, similar problems remain open (see [8]). Based on this
discussion presented, we conjecture the following optimal result that also would
complete the solution of Problem 1.1.
Conjecture 3.3. Let p1, . . . , pd ∈ [1,∞]. There exist Bd, Cd <∞ such that
Bd ≤ inf ‖A‖(∑d
k=1 n
1− 1
γ
k
)
·∏dk=1 nmax
(
1
γ
− 1
pk
,0
)
k
≤ Cd,
with γ := min {2,max{pk : pk ≤ 2}}, for all unimodular m-linear forms A : ℓn1p1 ×
· · · × ℓndpd → K and the exponents involved are sharp.
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4. Applications
Kahane–Salem–Zygmund’s inequality is a great tool to gain sharp exponents
in Hardy–Littlewood’s inequality. The next results follow in this vein. The fact
that the multilinear form provided in Theorem 2.4 is defined on ℓn1p1 × · · · × ℓndpd for
arbitrary finite dimensions n1, · · · , nd has a crucial role.
4.1. An improved version of a result of Santos and Velanga. From now
on, the symbol e
nj
j stands for (ej ,
njtimes. . . , ej), with ej the j-th canonical vector.
The following result, due to Santos and Velanga [20, Theorem 1.2], is a complete
classification of the Bohnenblust–Hille multilinear type inequality.
Theorem 4.1. Let 1 ≤ k ≤ d and m1, . . . ,mk be positive integers such that
m1 + · · ·+mk = d. Also let ρ := (ρ1, . . . , ρk) ∈ (0,∞)k. The following assertions
are equivalent:
(I) There is a constant BKk,ρ ≥ 1 such that, for all d-linear forms T : c0×· · ·×
c0 → K,+∞∑
j1=1
· · ·
 +∞∑
jk=1
∣∣T (em1j1 , . . . , emkjk )∣∣ρk

ρk−1
ρk
· · ·

ρ1
ρ2

1
ρ1
≤ BKk,ρ‖T ‖.
(II) For all I ⊂ {1, . . . , k}, ∑j∈I 1ρj ≤ cardI+12 .
The main result of this section shows proves that (I)⇒(II) is valid in the general
setting of the Hardy–Littlewood inequality, which deals with both c0 or ℓp spaces.
We show that Theorem 4.2 provides a straightforward alternative proof of (I)⇒(II)
of Santos and Velanga. Let us recall that Xp stands for ℓp if 1 ≤ p < ∞ and
X∞ := c0.
Theorem 4.2. Let 1 ≤ k ≤ d and m1, . . . ,mk be positive integers such that
m1 + · · ·+mk = d. Also let
p :=
(
p1, . . . ,pk
) ∈ [1, +∞]d, pj := (pj1, . . . , pjmj) ∈ (1, +∞]mj ,
with j = 1, . . . , k and ρ := (ρ1, . . . , ρk) ∈ (0,+∞)k. If there is a constant CKk,ρ,p ≥ 1
such that+∞∑
j1=1
· · ·
 +∞∑
jk=1
∣∣T (em1j1 , . . . , emkjk )∣∣ρk

ρk−1
ρk
· · ·

ρ1
ρ2

1
ρ1
≤ CKk,ρ,p‖T ‖,(4.1)
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for all d-linear forms T : Xp11 × · · · ×Xp1m1 × · · · ×Xpk1 × · · ·Xpkmk → K. Then∑
j∈I
1
ρj
≤ card I + 1
2
−
∑
j∈I
∣∣∣∣ 1pj
∣∣∣∣ ,
for all I ⊂ {1, . . . , k}.
Proof. Let us suppose (4.1) holds. Since L
(
⊗̂π1≤j≤m1Xp1j , · · · , ⊗̂
π
1≤j≤mkXpkj ;K
)
and L (X1, · · · , Xd;K) are isometric, we get an operator
T̂ : ⊗̂π1≤j≤m1Xp1j × · · · × ⊗̂
π
1≤j≤mk
Xpkj → K,
that satisfies
T̂
(⊗1≤j≤m1x1j , · · · ,⊗1≤j≤mkxkj ) = T (x11, · · · , x1m1 , · · · , xk1 , · · · , xkmk) .
Then,
T̂ (⊗m1ej1 , · · · ,⊗mkejk) = T
(
em1j1 , · · · , emkjk
)
and ‖T̂‖ = ‖T ‖. Using [5, Theorem 1.3] it is possible to prove that it is sufficient
to deal with k-linear forms A : Xr1 × · · · ×Xrk → K, with 1rj =
∣∣∣ 1pj ∣∣∣ , j = 1, . . . , k,
defined by
A
(
y1, · · · , yk) := T̂ (u1(y1), · · · , uk(yk)) ,
which is bounded and fulfills ‖A‖ ≤ ‖T̂‖. Therefore, n1∑
j1=1
· · ·
 nk∑
jd=1
|A(ej1 , . . . , ejk)|ρk

ρk−1
ρk
· · ·

ρ1
ρ2

1
ρ1
≤ CKk,ρ,p‖A‖,
for all positive integers n1, . . . , nk and all k-linear forms A : Xr1 × · · · ×Xrk → K,
with 1rj =
∣∣∣ 1pj ∣∣∣ , j = 1, . . . , k. Using the map from the Theorem 2.4, we conclude
that, for all positive integers n1, . . . , nk,
n
1
ρ1
1 · · ·n
1
ρk
k ≤ Cd · n
1
2−
1
r1
1 · · ·n
1
2−
1
rk
k · (n1 + · · ·+ nk)
1
2 .
Let I ⊂ {1, . . . , k}. Taking nj = n for j ∈ I, and nj = ⌊logn⌋, for j ∈ Ic :=
{1, . . . , k} \ I (here ⌊t⌋ := max {x ∈ Z : x ≤ t} as usual),
n
[∑
j∈I
1
ρj
− cardI+12 +
∑
j∈I
1
rj
]
· ⌊logn⌋
[∑
j∈Ic
1
ρj
− card I
c
2 +
∑
j∈Ic
1
rj
]
≤ Cd ·
(
cardI + cardIc · ⌊logn⌋
n
) 1
2
,
we conclude that ∑
j∈I
1
ρj
≤ cardI + 1
2
−
∑
j∈I
∣∣∣∣ 1pj
∣∣∣∣ .
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
4.2. Dimension blow-up estimates. We turn our attention to the order in which
the estimates blow-up with respect to the dimension in the cases when the expo-
nents (ρ1, . . . , ρd) do not fulfill the range required in Hardy–Littlewood’s inequality
(see [1]). In this framework, there is no constant CKd,ρ,p ≥ 1, independent of the
dimensions n1, . . . , nd, for which the inequality n1∑
j1=1
· · ·
 nd∑
jd=1
|T (ej1 , . . . , ejd)|ρd

ρd−1
ρd
· · ·

ρ1
ρ2

1
ρ1
≤ CKd,ρ,p‖T ‖,
is universally complied for all d-linear forms T : Xp1 × · · · × Xpd → K. Recent
papers present results on this line [2, 19]. The next one follows this fashion.
Theorem 4.3. [2, Theorem 5] Let d ≥ 2 be an integer. If
∣∣∣ 1p ∣∣∣ ≤ 12 and r ∈ [1, 2]d,
then there is a constant CKd,r,p ≥ 1 (not depending on n) such that n∑
i1=1
· · ·( n∑
id=1
|T (ei1 , . . . , eid)|rd
) rd−1
rd
· · ·

r1
r2

1
r1
≤ CKd,r,p · nmax{|
1
r |− d+12 +| 1p |,0}‖T ‖,
for all d-linear forms T : ℓnp1 × · · ·× ℓnpd → K and all positive integers n. Moreover,
the exponent max
{∣∣1
r
∣∣ − d+12 + ∣∣∣ 1p ∣∣∣ , 0} is optimal.
Our goal is to improve this result, precising the dependence arised in distinct
dimensions n1, . . . , nd. The result obtained reads as follows.
Theorem 4.4. Let d ≥ 2 be an integer, p := (p1, . . . , pd) ∈ [1, +∞]d be such
that
∣∣∣ 1p ∣∣∣ ≤ 12 and also let sk, ρk ∈ (0,∞), for k = 1, . . . , d. Suppose there exists
DKd,ρ,p ≥ 1 such that n1∑
j1=1
. . .
 nd∑
jd=1
|T (ej1 , . . . , ejd)|ρd

ρd−1
ρd
. . .

ρ1
ρ2

1
ρ1
≤ DKd,ρ,pns11 · · ·nsdd ‖T ‖,
for all bounded d-linear operators T : ℓn1p1 × · · ·× ℓndpd → K and any positive integers
n1, . . . , nd. Then for all I ⊂ {1, . . . , d},∑
j∈I
sj ≥ max
0,∑
j∈I
1
ρj
− card I + 1
2
+
∑
j∈I
1
pj
 .
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Proof. Let us consider the d-linear form A : ℓn1p1 × · · ·× ℓndpd → K given by Theorem
2.4. Since, |A (ej1 , . . . , ejd)| = 1 for any j1, . . . , jd, we have n1∑
j1=1
. . .
 nd∑
jd=1
|A (ej1 , . . . , ejd)|ρd

ρd−1
ρd
. . .

ρ1
ρ2

1
ρ1
= n
1
ρ1
1 · · ·n
1
ρd
d .
By Theorem 2.4,
n
1
ρ1
1 · · ·n
1
ρd
d ≤ DKd,ρ,pns11 · · ·nsdd ‖A‖
≤ DKd,ρ,pn
s1+
1
2−
1
p1
1 · · ·n
sd+
1
2−
1
pd
d (n1 + · · ·+ nd)
1
2
and so
n
1
ρ1
−s1+
1
p1
− 12
1 · · ·n
1
ρd
−sd+
1
pd
− 12
d
(n1 + · · ·+ nd)
1
2
≤ DKd,ρ,p.
Let I ⊂ {1, . . . , d}, nj = C · t for each j ∈ I and nj = C otherwise, thus
lim
t→∞
C| 1ρ |−(s1+···+sd)+| 1p |− d+12(
cardI + cardIct
) 1
2
· t
∑
j∈I
1
ρj
−
∑
j∈I sj−
card I+1
2 +
∑
j∈I
1
pj
 ≤ DKd,ρ,p,
and, therefore, ∑
j∈I
1
ρj
−
∑
j∈I
sj − cardI + 1
2
+
∑
j∈I
1
pj
≤ 0.

5. Final Remark: constants with exponential growth
The search for the optimal constants involved in Bohnenblust–Hille and Hardy–
Littlewood inequalities was efficiently developed in the recent years and the best
known constant have polynomial growth (see [10, 15, 16, 18]). Kahane–Salem–
Zygmund’s inequality turns out to be a formidable (but not complete) tool to
provide the optimal exponents on both inequalities (see [1, 4, 20]). Therefore, a
question arises: “How efficient the Kahane–Salem–Zygmund is on providing opti-
mal Bohnenblust–Hille or Hardy–Littlewood constants?”.
This question was verified in the negative during the search of the optimal
constants [10]. We intend to clarify this subject, justifying that the probabilistic
reasoning of the proof of Proposition 2.3 is not sufficient to gain efficient constants,
except for deep changes in the arguing.
It is clear that the constants involved have exponential growth with respect of
the degree of multilinearity d and so are inefficient. A natural attempt in order to
reduce the constants growth is to change the probabilistic argument in the following
way: one may replace the probability PS upper bound estimate 1/2 by 1/ξ, i.e.,
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the probability PS that the supremum of |A (t, ·)| over Bn1p1 × · · · × Bndpd exceeds
2
√
2R is
PS ≤ 1
ξ
.
Proceeding as in the proof of Proposition 2.3, the part of the constant Cd in-
volving ξ is
(
log
(
4ξ (1 + 4d)
2
∑d
k=1 nk
)) 1
2 ≤
√
2 ·max
(
log 4ξ, 2
(
d∑
k=1
nk
)
log (1 + 4d)
) 1
2
=: C(ξ, d,n).
It is observed that, by making ξ → 1 or ξ → ∞, the constant C(ξ, d,n) will
be inefficient to reduce the exponential growth of the constant Cd with respect to
the degree of multilinearity d. Therefore, no good constants are provided by this
argument.
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